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The demand for compact beam-steering solutions has driven interest in gradient-index (GRIN) lenses,
which shape wavefronts via spatially varying dielectric properties. Additive manufacturing enables
their fabrication, but a central challenge remains: solving the inverse problem of determining the
volumetric permittivity distribution for a desired field transformation. Unlike voxel-by-voxel topology
optimization requiring thousands of full-wave simulations, our approach targets smoothGRIN profiles
for propagation-based devices, reducing optimization to minutes on a standard computer. Here, we
present an inverse-design framework that optimizes the geometrical optics propagation equations
directly. We experimentally demonstrate the method by realizing a multi-feed GRIN lens based on a
three-dimensional gyroid architecture fabricated via additive manufacturing. The device enables
continuous beam scanning over a ±35∘ range with 33% fractional bandwidth, low scan loss, and
excellent beam fidelity. Our results establish a direct pathway from electromagnetic functionality to
manufacturable metamaterial devices, enabling scalable wavefront engineering

The ability tomanipulate electromagnetic wavefronts is the basis ofmodern
communication, radar, and imaging systems. Traditional optical compo-
nents and electronic beamforming networks are inherently constrained by
fundamental trade-offs between performance, bandwidth, complexity, and
cost. Graded-index (GRIN) optics, which guide waves through a spatially
tailored refractive index, offer a transformative alternative by enabling flat
form factors, intrinsic broadband operation, and direct impedance
matching1–4, and their analysis is typically performed by a Geometrical
Optics (GO) ray tracing algorithm5. Although the concept of GRIN optics is
well-established, its practical implementation has been revolutionized by
recent advances in planar optics and metasurfaces6–10. Furthermore,
breakthrough additivemanufacturing techniques–such as vision-controlled
material jetting11,12 and functional 3D printing of complex meta-
structures13–15–now permit the fabrication of intricate three-dimensional
dielectric structures with unprecedented precision. This technological
progress, however, shifts the central challenge to the computational domain:
solving the inverse problem of determining the volumetric permittivity
distribution that transforms a prescribed input field into a desired output
field. Unlike voxel–by–voxel topology optimization16,17 requiring thousands
of full–wave simulations and tens of hours of HPC computation, our
approach addresses a different regime: continuous, smoothly varyingGRIN
profiles for propagation–based microwave devices. We parametrize the
design with only nine control points and solve the Eikonal equation directly
via the Lax–Friedrichs sweeping method, reducing the optimization to
minutes on a standard desktop computer. This parametric GO–based

approach is therefore complementary to, rather than competitive with,
high–resolution adjoint methods for scattering structures.

This inverse design problem is inherently high-dimensional and
nonlinear. Traditional approaches relying on direct ray-tracing become
computationally prohibitive for volumetric designs, particularly when
modeling complex wave phenomena such as caustics or multipath propa-
gation. Recent literature has extensively explored inverse design in nano-
photonics and meta-optics18–20, employing diverse strategies ranging from
topology optimization21 and adjoint methods22 to deep-learning-enabled
self-design23.While these advancementsdemonstrate thepower of complete
phase and amplitude control in 2D and 3D integrated optics24–27, they often
lack the generality and efficiency required for the rapid optimization of
large-scale, multi-functional microwave devices.

The specific case treated in this work is based on the realization of the
kernel of a one-dimensional spatial Fourier transform. We design a flat,
planar optical box where one boundary is populated by discrete input ports
supporting localized modal excitations, while the opposite boundary
enforces a continuous linear phase distribution. This formulationprovides a
clear physical link between discrete port excitation and far-field beam
steering through a continuous Fourier-like transformation, similar to con-
cepts used in on-chip GRIN meta-lenses and spaceplate-compressed
systems28,29. To address the computational bottleneck, we introduce a gen-
eral inverse-design framework that operates directly on the underlying
partial differential equations of geometrical optics wavefront
propagation–namely, the Eikonal and transport equations. By formulating
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the design as a constrained optimization problem, our approach circum-
vents the limitations of traditional ray-tracing or predefined ray
mappings30,31. Computational efficiency is achieved through the integration
of the Lax-Friedrichs sweeping method32, a fast numerical solver that
enables rapid performance evaluation within the optimization loop.

We demonstrate the effectiveness of this framework by designing,
fabricating, and experimentally validating a multi-port GRIN lens antenna
operating across the Ku-band (13–18 GHz). The lens comprises a planar
array of input ports; exciting a single port generates a directive fan beam in
the far field, with the steering angle determined by the port location. The
entire design is completed in minutes on a standard desktop computer and
achieves beam scanning over ±35∘. The computed permittivity distribution
is physically realized using a mechanically robust, graded gyroid unit-cell
architecture, leveraging modern inverse design of composite material
properties for additive manufacturing11.

This multi-feed GRIN lens presents a compelling alternative to
conventional beamforming architectures, such as the Rotman lens33 or
the Butler matrix34, offering a simpler, more compact, and wider-
bandwidth solution for modern wireless communications35. Its ability to
generate discrete, steerable fan beams with high crossover gain renders it
directly applicable to multi-beam satellite communication terminals,
automotive radar with segmented field-of-view, and fixed-beam
switching for wireless access points. By establishing an efficient and
direct pathway from system-level functionality to a validated, manu-
facturable device, this work bridges a critical gap in the development of
next-generation beam-steering components.

Results
In this section, we present the complete experimental and numerical
characterization of the inverse-designed GRIN lens. We first describe the
computational design process and its translation into a physical metama-
terial architecture. We then detail the fabrication of the lens using Vision-
Controlled Jetting (VCJ) and its integration into a parallel-plate waveguide
(PPW)measurement setup. The physicalmechanism underlying the device
operation is visualized through near-field simulations, which reveal how the
graded-index profile transforms cylindrical wavefronts into tilted plane
waves across the 13–18 GHzband. Finally,we validate the far-field radiation
performance, demonstrating discrete beam steering over a ±35∘ range with
low scan loss and excellent agreement between simulations and
measurements.

From computational design to fabricated metamaterial
The path from the electromagnetic objective function to the physical device
begins with the computational inverse design. Our framework, treating the
permittivity distribution as the optimization variable, converged on a spa-
tially varyingGRINmap that encodes themulti-beamsteering functionality.
The resulting two-dimensional refractive index profile is revealed in Fig. 1a.
It is not a simple lens analog, but a complex topological landscape where
smooth gradients manipulate the wavefront. Distinctive features include
regions of focused gradient curvature that gradually blend to a unity
refractive index adjacent to each input port to avoid modal mismatch. This
contoured GRIN profile, computationally derived in a few minutes on a
standardpersonal computer, servesas the foundational blueprint, specifying

Fig. 1 | Design, realization, and experimental implementation of the GRIN lens.
a Numerically designed spatial distribution of the graded refractive index (GRIN)
obtained from the inverse-design framework. b Physical realization of the GRIN
profile using a graded gyroid unit-cell architecture, enabling a continuous effective

permittivity distribution. c Exploded view of the experimental parallel-plate wave-
guide setup, showing the GRIN lens integrated between copper plates and
mechanically supported by PLA fixtures; waveguide (WR62) ports can be laterally
translated to excite different input positions.
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the exact local dielectric constant required at every voxel to transform a
point-source emission from any input port into a perfectly collimated,
angled fan beam.

Translating this abstract numerical design into a manufacturable
structure required a metamaterial strategy. Direct fabrication of a material
with continuously varying bulk permittivity remains impractical; instead,
we employed a graded, three-dimensional gyroid-unit-cell architecture. The
gyroid, a triply periodic minimal surface, offers a mechanically robust, self-
supporting scaffold whose effective permittivity can be precisely tuned by
varying its volumetric filling fraction. By mapping the target permittivity
value at each point in the design (Fig. 1a) to a specific thickness of the gyroid
wall, we generated a continuous digital model in which the intricate gyroid
lattice smoothly transitions from sparse (low εr ≈ 1.1) to dense (high
εr ≈ 2.0). We emphasize that the electromagnetic design and the resulting
permittivity map (Fig. 1a) are strictly two–dimensional (in the xz-plane).
The three–dimensional gyroid architecture (Fig. 1b) serves exclusively as a
fabrication metamaterial - it locally synthesises the required 2D effective
permittivity through spatially varying filling fractions, while the
parallel–plate waveguide height (< λ/2) ensures no vertical field variation.

Fabrication via vision-controlled jetting
The practical realization of the intricate, spatially-varying permittivity
profile requires a manufacturing technology capable of translating a digital
gradient into a physical dielectric structure with high fidelity. Tomeet these
demands, the multi-feed GRIN lens was fabricated using an advanced
inkjet-basedadditivemanufacturingprocess knownasVCJ11,12. This process
utilizes a closed-loop high-speed 3D vision system that captures a depth
map of the deposited surface after each layer. The system automatically
compensates for any deviations from the ideal geometry by locally adapting
the amount of resin deposited in the subsequent layer, ensuring high
dimensional accuracy and eliminating the need for mechanical planariza-
tion. This contactless approach enables the use of material chemistries that
would otherwise be incompatible with traditional inkjet 3D printing.

For this work, the lens was manufactured using a low-loss dielectric
polymer from Inkbit’s Cyclic Olefin Thermoset (COT) material family, a
polyolefin-based thermoset specifically formulated for high-frequency
applications. By mapping the target permittivity value at each point in the
design to a specific volumetric filling fraction of the gyroid lattice, the
effective permittivity of the constituent COT material is precisely tuned
across the desired range (εr ≈ 1.1 to 2.0), creating a smooth and continuous
gradient. The digital model of this graded lattice was voxelized and sliced,
then manufactured with a minimum positive feature size of approximately
300 μm and fabricated within a build volume with dimensions 500
mm× 240mm× 220mm.TheGRIN lens itselfmeasures 20 cm×15 cm(as
defined in the “Methods” section),matching thedesigndomain (seeFig. 1b).

The printing process utilizes a phase-change wax as the support
material, which is jetted in a molten state and solidifies upon cooling to
provide stable support for overhanging features and internal cavities.
Because theVCJ process is contactless, it can accommodate thewax support
without smearing ormixingwith the buildmaterial, enabling the fabrication
of complex internal geometries such as the intricate gyroid lattice. Post-
processing is straightforward: the completed build is heated to 65 ∘C tomelt
and drain the bulk of the support wax, heated in an inert fluid to post-cure
the samples fully, followed by sonication in a heated cleaning solution to
remove any residues. The result is a lightweight monolithic GRIN lens
structure ready for integration into the measurement setup.

For rigorous experimental characterization, themanufactured lenswas
integrated into a bespokePPWoperating in thedominantquasi-TEMmode
(qTEM), depicted in Fig. 1c. The PPW is formed by two metallic plates,
placed at a distance less than half-wavelength at the maximum operating
frequency to avoid excitationof higher-ordermodes. ThisGRIN-filledPPW
creates a controlled environment that constrains the wave propagation to
two dimensions, effectively simulating, by a multiple image process, an
infinite medium in the perpendicular direction and producing the desired
phase gradient on the opposite aperture. Along one edge, an array of

standard waveguide ports serves as discrete input points. When a port is
excited, it acts as a cylindrical wave source; the GRIN medium then inter-
cepts and transforms this wave to provide a linear phase at the output
boundary. This integrated prototype therefore realizes a Fourier-transform
kernel directly at the material level, combining a simple feeding structure
with a wave-shaping metamaterial core. In doing so, it eliminates the need
for complex electronic beamforming networks composed of phase shifters,
power dividers, and transmission lines. Moreover, imposing an arbitrary
continuous one-dimensional function at the input boundary, realized
through appropriateweighting of the discretemodal excitations at the ports,
produces at the opposite boundary its spatial Fourier transform, provided
that the significant spectral content of the input function lies within the
accessible range of phase gradients supported by the device.

Physical mechanism
The core operational principle of the lens–how a simple change in feed
location dictates a radical change in output angle–is elegantly visualized by
examining the electromagnetic field within the PPW. Figure 2 presents
snapshots of the steady-state electric field magnitude distributions. The
three selected ports (Ports 3, 4, and 5) are representative of a continuous
scanning range, while the three frequencies (13, 16, and 18 GHz) serve as
discrete sample points across the operating bandwidth. Due to symmetry,
only one half of the steering range is shown, with the opposite ports pro-
ducing mirrored beam angles.

When the central port is activated (Port 3, left column), the emitted
cylindrical wave encounters a symmetrically graded index medium. The
lens periphery, with a lower refractive index, allows rays to travel faster,
while the central, higher-index region slows them down. This symmetric
velocity profile acts as a compensator, progressively bending the outwardly
propagating wavefront until it emerges from the opposite side of the lens as
parallel contours–a perfectly collimated plane wave propagating normal to
the lens aperture (broadside, 0∘). The field plots across all frequencies in the
left column of Fig. 2 confirm this behavior, demonstrating consistent col-
limation across the entire 13–18 GHz band.

The mechanism for beam steering is revealed in the center and right
columns of Fig. 2. Exciting Port 4 (center column), located to the right of the
center, breaks the symmetry. The wave now enters a medium where the
index gradient is no longer centered on its origin. The portion of the
wavefront that propagates back toward the lens center travels throughmore
of the higher-index, slower material than the portion spreading away from
the center. This asymmetric phase delay systematically tilts the wavefront.
The lens profile is specifically designed to convert this source displacement
into aprecise, constant phase slope across the output aperture.The result is a
set of parallel wavefronts oriented at approximately 20∘. Excitation of port 5
(right column), with the source on the extreme right, produces a steeper
phase gradient due to greater displacement, thus steering the beam to a
larger angle of 35∘. Remarkably, this steering mechanism exhibits minimal
frequency dependence: for each port, the wavefront orientation remains
consistent throughout the 13–18GHz band, as evidenced by the three rows
in Fig. 2. This direct visualization confirms that beam steering is not
achieved by time delays or phased interference outside the device but is
fundamentally impressed upon the wave within the volumetric material
itself, via a spatially engineered momentum exchange. The frequency sta-
bility can be understood analytically from the Eikonal formalism. The phase
accumulation through the lens is ϕ(ω) = k0Ψ, where Ψ = ∫n(r) ds is the
optical path length. The phase gradient at the aperture is therefore
dϕ/dx = k0 dΨ/dx. The steering angle then follows from the phase-gradient
condition sin θ ¼ 1

k0

dϕ
dx ¼ dΨ

dx ; which contains no frequency dependence.
Thus, the beam pointing is intrinsically achromatic. Similarly, the device
supports continuous spatial scanning: translating the feed to any inter-
mediate position yields a corresponding intermediate linear phase gradient,
producing a main beam that shifts continuously and monotonically
between steering angles (Supplementary Fig. S5).

It is worth noting that in conventional GRIN-based Fourier optics
lenses, such as theMikaelian lens36, the transformation is typically optimized
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for paraxial propagation and for mapping focused rays into a single parallel
direction. In these systems, unfocused or off-axis source points produce
beam tilts limited to a few beam waists and rapidly introduce aberrations37.
By contrast, the proposed approach directly solves the governing wavefront
transport equations, enabling a material-level realization of the Fourier
kernel over a substantially larger angular domain, extending beyond the
regimes explored in classical and analytical GRIN designs30.

Far-field validation of broadband performance
The ultimate validation of any antenna lies in its radiation characteristics in
the far-field. Figure 3 presents the antenna fabricated (a), the anechoic
chamber measurement setup (b) and the comprehensive far-field radiation
patterns across the operational bandwidth (c). Radiation data are presented
as normalized patterns in the sine angular space (uv-space), where u ¼
sin θ cos ϕ and v ¼ sin θ sin ϕ, providing a distortion-free view of beam
directions. The rightpanels show the corresponding radiationpatterns (gain
in dBi) in the principal cut containing the device side walls.

Each column in Fig. 3c corresponds to a fixed input port, demon-
strating the beam-steering function. The left column (Port 3) shows a
dominant lobe firmly anchored at u = 0 (broadside, θ = 0∘) across all three
representative frequencies: 13, 16 and 18GHz. The lobes are narrow, sig-
nifying high directivity, and exhibit well-suppressed sidelobes. The center
column (Port 4) reveals the key result: the main beam is consistently dis-
placed to u≈+ 0.34 throughout the band.Using the relation θ ¼ arcsinðuÞ,
this corresponds to a physical steering angle of approximately 20∘. Similarly,
the right column (Port 5) shows the beam oriented to u ≈ +0.57,

corresponding to +35∘. These values confirm the primary design goal:
discrete port-selected beam steering in a ±35∘ range, as predicted by near-
field observations. The remarkable consistency of the beam positions from
13 to 18 GHz underscores the truly broadband nature of the gradient-index
mechanism,which is inherently less dispersive than resonant phase-shifting
elements.

Examining the rows in Fig. 3c illustrates the bandwidth performance.
At 13 GHz (top row), the beams are slightly wider–a consequence of the
smaller electrical size of the lens at this lower frequency–but the steering is
accurate and sidelobe control is maintained. At the center frequency of
16 GHz (middle row), the patterns are at their most optimal, with the
tightest beamwidths and lowest sidelobes. At 18 GHz (bottom row), the lens
operates at a larger electrical size, leading to even narrower beams and the
emergence of finer structural details in the pattern, yet the beam pointing
remains stable and no parasitic grating lobes appear. This stability is critical
for wideband systems, such as satellite communications, where consistent
coverage must be maintained across a wide swath of spectrum without
recalibration. The clean, uncluttered patterns in all nine panels testify to the
effectiveness of the continuous index gradient in providing smooth phase
transformation, avoiding the diffraction artifacts and grating lobes typical of
discrete-phase-array or stepped-index lenses. Finally, Fig. 3d provides a
rigorous validation, where the right panels show the principal–cut radiation
patterns (gain in dBi) for Ports 3, 4, and 5 at 13, 16, and 18 GHz, plotting
measured co–polarized gain (solid lines) against full–wave simulated pre-
dictions (dashed lines).

Fig. 2 | Near-field wavefront shaping inside the GRIN lens. The electric-field
snapshot (in dBV/m) inside the parallel-plate waveguide is captured by simulation
for three excitation frequencies (13, 16 and 18 GHz) and three different input ports
(Ports 3--5). Rows correspond to increasing frequency, while columns correspond to
different lateral positions of the excited port: central (Port 3, left column),

intermediate (Port 4, center column), and extreme (Port 5, right column). Due to the
symmetry of the structure, only one half of the steering range is shown; the opposite
ports produce mirrored beam angles. The progressive tilting of the wavefronts with
port displacement demonstrates broadband, port-controlled beam steering enabled
by the GRIN medium.
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Measured performance and comparison with simulations
Figure 3dprovides a rigorous validation, plotting themeasured co-polarized
gain (solid lines) against the full-wave simulated predictions (dashed lines)
for Ports 3, 4, and 5 at 13, 16, and 18 GHz. The dashed lines superimposed
on the experimental patterns in Fig. 3d trace the continuous evolution of the
beam direction with feed displacement, which is further validated by
additional simulations with nine ports across the band (Supplementary
Figs. S5 and S6).

The agreement betweenmeasurement and simulation is striking across
all cases. Not only do the main beam directions match precisely, but the
intricate details of the sidelobe structures, the null positions, and the subtle

beam broadening at lower frequencies are all faithfully reproduced. This
close correlation serves a dual validation: it confirms the accuracy of our
inverse-design and simulation tools, and it verifies the fabrication fidelity,
proving that the printed gyroid metamaterial accurately implements the
designed permittivity profile.

From these patterns, key performance metrics are extracted. The
lens achieves a measured peak gain of 16.8 dBi at 16 GHz for the
broadside beam (Port 3).More importantly, the gain remains high for the
steered beams. The variation in peak gain when switching from the
broadside port to the extreme steering ports–a metric known as scan
loss–is less than 2 dB across the entire band. This low scan loss indicates
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Fig. 3 | Fabricated prototype and far-field characterization. a Photograph of the
monolithic GRIN lens fabricated via Vision-Controlled Jetting using Inkbit COT
polymer. The intricate gyroid lattice is visible, with the graded density producing the
desired permittivity distribution. bAnechoic chamber measurement setup showing
the parallel-plate waveguide integrated with the GRIN lens and connected to a
standard gain horn antenna. c Far-field radiation patterns in the u--v plane
(u ¼ sin θ cos ϕ, v ¼ sin θ sin ϕ) for three operating frequencies (13, 16 and 18 GHz)
and three input ports (Ports 3--5). Left column: Port 3 (central), center column: Port

4, right column: Port 5. Color maps show the normalized far-zone field magnitude,
demonstrating frequency-robust beam steering controlled by the excited port.
d Right panels show the corresponding radiation patterns (gain in dBi) in the
principal cut for the Ports 3--5, highlighting well-defined, angularly separated fan
beams across the operational bandwidth. Measurements are depicted in solid lines
while full-wave simulations in dashed lines. Dashed lines superimposed on the
experimental patterns trace the continuous evolution of the beam angle with feed
displacement.
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high aperture efficiency regardless of beam direction, a result of the lens’s
excellent impedance matching and minimal spillover loss, inherent
advantages of the graded-index taper. The 3-dB gain bandwidth,
observed by tracking the peak gain at each port, extends over the
13–18 GHz range (a 33% fractional bandwidth), far exceeding the typical
10–15% bandwidth of many fixed-beam and phased-array solutions
based on resonant elements.

To assess the role of continuous grading,we thresholded our optimized
profile into a binary distribution (εr=1.1 and 2.0), keeping all other para-
meters identical (Supplementary Fig. S1). Full–wave simulations (Supple-
mentary Fig. S2) show that although the binary structure still generates
steering (even overscanning to 40∘ at the extremeport), the abrupt interfaces
introduce Fresnel reflections and scattering, reducing the realized gain by
3–5 dB across the entire band. This confirms that the continuous profile is
essential for maintaining the reported low scan loss and high aperture
efficiency, while the phase accumulation itself remains achromatic due to
the propagation–based nature of the device.

Theobserveddegradation at the extreme steering angle (35∘) is intrinsic
to the chosen permittivity range (εr = 1.1 to 2.0), as confirmed by the
excellent agreement between simulation andmeasurement (Fig. 3d), ruling
out experimental error. To demonstrate scalability, we performed an
additional simulationwith an extended range (εr=1.0 to 5.0), which enables
beam steering up to ±50∘ with significantly reduced aberrations (Supple-
mentary Figs. S3 and S4). The choice of permittivity range thus represents a
trade-off between manufacturability and scan range, and higher-contrast
designs can achieve wider steering with improved pattern fidelity.

To further confirm the continuous frequency response, Supplementary
Fig. S6 presents additional far-field patterns at 14 GHz and
17GHz–intermediate frequencies between the three design points. The
main beam positions remain stable at the expected angles, and the gain
varies smoothly, consistent with the achromatic phase response derived in
the Physical mechanism section.

The system-level implication is profound. This single passive
dielectric component, illuminated by a simple switch that selects one of
several fixed feeds, replicates the core functionality of an active beam-
forming network. It provides discrete, high-gain beam positions with low
loss and ultra-wide bandwidth. When compared to traditional
solutions–the bulky, lossy corporate feeds of a Rotman lens or the
complex, narrowband cascaded couplers of a Butler matrix–this GRIN
lens prototype demonstrates a paradigm of exceptional simplicity and
performance. It eliminates all internal conductors, resistors, and complex
transmission line layouts, replacing them with a shaped dielectric,
thereby offering a pathway to lower-cost, lighter-weight, and more effi-
cient beam-steering frontends for future satellite terminals, automotive
radar modules, and fixed wireless access points. The data clearly
demonstrate that inverse-designedmetamaterial GRIN lenses are a viable
and superior technology for modern multi-beam systems.

Discussion
The inverse-designed GRIN platform presented in this work implements
the kernel of a one-dimensional Fourier transform with a fidelity that sig-
nificantly exceeds that achievable using conventional Fourier-optics lenses.
Classical GRIN and Fourier lenses, such as the Mikaelian lens, are typically
optimized for paraxial propagation and for mapping focused rays into a
single parallel direction36. In these systems, unfocused or off-axis source
pointsproduce beam tilts limited to a fewbeamwaists and rapidly introduce
aberrations, resulting in apoor approximationof the ideal Fourierkernel. By
contrast, the proposed approach directly solves the governing wavefront
transport equations, enabling a material-level realization of the Fourier
kernel over a substantially larger angular domain.

From an antenna-engineering perspective, it is important to note
that one-port–one-beam operation can be achieved using a variety of
established techniques. However, the GRIN-based implementation
demonstrated here combines this functionality with a large operational
bandwidthwhilemaintainingflat input and output boundaries, which are

highly desirable for practical antenna integration. The flat geometry
simplifies feeding and packaging, while the broadband response arises
from continuous material modulation rather than from frequency-
sensitive phase-shifting networks. Moreover, the concept naturally
extends beyond a one-dimensional aperture: overlapping PPWs or
exploiting rotational symmetry can directly enable two-dimensional
antenna apertures without a corresponding increase in system
complexity.

When compared with established beamforming architectures such as
Rotman lenses33, the proposed GRIN Fourier-transform device offers a
fundamentally different trade-off. Rotman lenses rely on geometrical path-
length equalization and are intrinsically constrained by phase errors that
grow with scan angle and bandwidth. In contrast, the present method
leverages continuous refractive-index modulation to produce smoother
phase gradients and reduced aberrations over extendedscan ranges. Relative
to Butler matrices34, which implement discrete Fourier transforms through
cascaded hybrids and phase shifters, the proposed approach replaces
complex, lossy and frequency-sensitive electronic networks with a passive,
monolithic structure that performs the transformation directly within the
electromagnetic medium, naturally scaling to higher port counts without
exponential growth in circuit complexity.

To clarify themerits of our approach,Table 1 compares thekey features
of our GRIN lens with Rotman lenses and Butler matrices. The continuous
scanning,wide bandwidth, and structural simplicity of our device stemfrom
the direct material–level encoding of the Fourier kernel, which replaces
complex feed networks with a single passive dielectric.

More broadly, this work aligns with the emerging paradigm of analog
and physical computing, in which mathematical operations are executed
directly through wave–matter interactions rather than through digital
electronics38,39. By encoding the Fourier-transform kernel within the spatial
permittivity distribution of a passive medium, the proposed device exem-
plifies material-embedded computation and highlights a pathway toward
scalable, low-loss, and broadband wave-based processors operating across
microwave and optical frequencies. While the lens itself is achromatic, the
practical system bandwidth is bounded by three factors. First, the
lower–frequency limit is set by the electrical size: the lens must remain
electrically large for GO to be valid; scaling the physical dimensions pro-
portionally extends operation to lower frequencies. Second, the
upper–frequency limit is set by the effective–medium approximation: the
gyroid unit cell must remain deeply sub–wavelength; improved fabrication
resolutionwould push this limit. Third, theWR62 feed transition constrains
the overall system bandwidth; a broader–band feed would extend the total
operational range.

Table 1 | Comparison of passive beamforming architectures

Aspect Rotman Lens33 Butler Matrix34 This Work

Steering Discrete Discrete Continuous

Beam positions Fixed ports Fixed beams Arbitrary

Bandwidth Limited Narrowband 33%
(13–18 GHz)

Scan range ± 30∘ − − ± 45∘ Fixed ± 35∘ (extendable)

Scan loss 2–4 dB Network-
dependent

<2 dB

Design time Iterative Circuit synthesis Minutes (PC)

Internal
elements

Conductors/
dielectrics

Hybrids/phase
shifters

None
(monolithic)

Loss
mechanism

Dielectric/
conductor

Hybrid/phase
shifter

Low-loss
dielectric

Scalability Moderate Exponential
growth

Flexible

Key advantages are in bold.
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Methods
Geometrical optics model and LFSM solver
The analysis of graded-index (GRIN) lenses is performed within the fra-
mework of geometrical optics (GO), under the assumption of a slowly
varying refractive index relative to the wavelength. The electric field is
expressed in asymptotic form as

EðrÞ ¼ êðrÞAðrÞe�jkΦðrÞ; ð1Þ

whereΦ(r) is the normalized phase (eikonal), A(r) is the amplitude, êðrÞ is
the polarization vector, and k is the free-space wavenumber. The phase and
amplitude satisfy the Eikonal equation and the Energy Transport equation,
respectively.

To solve these equations efficiently and accurately, we employ the Lax-
Friedrichs sweepingmethod (LFSM)32, a fast iterative solver that operates on
a Cartesian grid. Unlike traditional ray tracing methods5, the LFSM avoids
caustic problems and spatial discontinuities by solving the governing partial
differential equations directly on the computational grid. The method is
applied to factorized forms of the Eikonal and transport equations, which
remove the singularities introduced by point or line sources, enabling high-
accuracy computation of both phase and amplitude distributionswithin the
lens volume. A complete description of the LFSM algorithm and its vali-
dation can be found in our earlier work32.

Inverse design optimization framework
The inverse design problem is formulated as a constrained optimization
over the spatial distribution of the relative permittivity ϵ(r) = n2(r). The
design domain is a rectangular region in the xz-plane with width a = 20 cm
and length b = 15 cm. To reduce the number of design variables while
leveraging the symmetry of the structure, a set of 9 control points is defined
onlyon the righthalf of thedomain (x>0),with thepermittivity distribution
mirrored across the z-axis. This configuration provides a balanced trade-off
between design flexibility and intrinsic regularization, effectively preventing
overfitting and non-physical oscillations. The x-coordinate of the control
points ranges fromx=0 tox=10 cm, and the z-coordinate ranges from z=0
to z= 15 cm. The permittivity at control points located on the domain edges
is fixed at ϵ = 1.1 to ensure a smooth transition and minimize reflections at
the lens boundaries. The permittivity values at the remaining grid points are
assigned via bilinear interpolation from the control points, ensuring a
smooth gradient. The optimization is subject to a manufacturability con-
straint on the permittivity

1:1≤ ϵðrÞ≤ 2:0: ð2Þ

For the multi-beam lens, we define 3 discrete source positions (input
ports) and their corresponding target phase distributions at the output
aperture. The first source, located at (xs, zs) = (0, 0), is designed to generate a
broadside beam. The second source, located at (2.5cm, 0), is designed to
steer the beam to θ = 20∘. The third source, located at (5.0cm, 0), is designed
to steer the beam to θ = 35∘. The target phase for the i-th beam is a linear
function:

�ψið�xÞ ¼ �x sin θi; ð3Þ

where �x is the coordinate along the output aperture and θi is the desired
steering angle. The objective function to be minimized is the weighted sum
ofphase errors across all beams, normalized by the amplitudedistribution to
emphasize regions of high energy:

F ¼
XN

i¼1

R
�x Φið�xÞ � �ψið�xÞ
� �2

Aið�xÞ d�xR
�x Aið�xÞ d�x

; ð4Þ

where Φi and Ai are the phase and amplitude at the output aperture for
excitation at the i-th port, computed by the LFSM solver for a given per-
mittivity distribution.

The amplitude weighting Aið�xÞ in Eq. (4) explicitly ensures that phase
errors in regions of low field intensity contribute negligibly to the objective
function. This prevents the optimizer from converging to an unphysical
solution, such as a tightly focused Gaussian spot that would satisfy the
phase-only criterion but diverge rapidly in the far field. More fundamen-
tally, the underlying physics already guarantees that the far-field perfor-
mance is not compromised by amplitude-induced aberrations. For the
aperture field Eð�xÞ ¼ Að�xÞejk0Φð�xÞ, the far-field pattern is
Eff ðθÞ /

R
Að�xÞejk0ðΦð�xÞ��x sin θÞd�x. The stationary-phase condition yields

dΦ=d�x ¼ sin θ.Hence, enforcing the target linear phaseΦð�xÞ ¼ �x sin θi via
Eq.(3) directly fixes the main beam at θ = θi, regardless of the specific
amplitude distribution Að�xÞ. The weighting in Eq. (4) thus serves as an
additional numerical safeguard, but the beam pointing itself is fundamen-
tally dictated by the phase gradient alone, as confirmed by the excellent
agreement between simulation and measurement in Fig. 3d.

The gradient of the objective function with respect to the control point
permittivities is computed using a finite-difference approach. The optimi-
zation loop is implemented in MATLAB using the fmincon solver with
the interior-point algorithm, which handles the bound constraints effi-
ciently. Each optimization run typically requires over 1000 iterations, with
each iteration performing multiple LFSM evaluations. The total computa-
tion time is a few minutes on a standard desktop computer. Notably, the
scanning range can be extended by increasing themaximumpermittivity, as
the larger index contrast allows for greater phase accumulation across the
aperture. The use of only nine control points is deliberate, exploiting the
physical smoothness ofGRINprofiles forpropagation–basedbeamforming.
Unlike scattering structures requiring voxel-level resolution, this
low–dimensional parametrization avoids the computational overhead of
adjoint–based topology optimizationwhile remaining fully adequate for the
present class of devices.

Data availability
The datasets generated during and/or analysed during the current study are
available from the corresponding author on reasonable request. Data are
stored at theUniversity of Siena and can be accessed by contacting IlirGashi
(ilir.gashi2@unisi.it).

Code availability
The custom code used for the Lax-Friedrichs sweeping method (LFSM)
solver and the inverse-design optimization framework is available from the
corresponding author upon reasonable request. The MATLAB optimiza-
tion routine uses the built-infmincon solver (interior-point algorithm). A
compiled version of the code is available for reproducibility purposes, upon
reasonable request.
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